IT Mathematical Tools (Dynamic Optimization

(I) Introduction to Dynamic Optimization
1 Examples of Dynamic Optimization Problems

e A Discrete-Variable Example

e A Continuous-Variable Example

2  Forms of Dynamic Optimization Problems

2.1  Forms of Objective Functional

e Standard form: V[y] = ;I F[t, y(t),y'(t)]dt
e Terminal-Control Problem (Problem of Mayer): V{y| = G|T, y(T)]
e Problem of Bolza: V]y| = j& F[t,y(t),y' (t)|dt + G[T, y(T)]

2.2 Types of Terminal Points

e [ixed-Terminal-Point Problem: both T and Z are fixed

e [ixed-Time (Vertical-Terminal-Line) Problem: T is fixed, but Z
is free

e [ixed-Endpoint (Horizontal-Terminal-Line) Problem: T is free,
but Z is fixed

e Terminal-Curve Problem: both T and Z are free
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3 Alternative Approaches

e Calculus of Variations
e Dynamic Programming

e Optimal Control Theory

(II)  Optimal Control Theory
1 The Maximum Principle

1.1 The Simplest Problem

max V|y| = /OTF[t,y,u]dt

st. y= f(t,y,u) (Equation of motion)
y(0)=A, y(T) free (A, T given)
and u(t)eld Vte|0,T]

where y is a state variable and u is a control variable. Note that the
simplest problem is a vertical-terminal-line problem.

1.2 The Maximum Principle (L. S. Pontryagin)

The Hamiltonian function
H(t,y,u, \) = F(t,y,u) + At)f(t,y,u)

where X is a costate variable. The maximum principle conditions
max H(t,y,u,\) Vt€|0,T]

. _0H
)

(Equation of motion for y)
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1.3 Alternative Terminal Conditions

e Fixed terminal Point
y(T)=yr (T,yr given) (TVC)
e Horizontal terminal Line (Fixed-Endpoint Problem)
[Hl;_p =0
e Terminal Curve
[H—=X¢|,_r=0 (TVC)
e Truncated Vertical Terminal Line
AMT) 20 y7 < Ymin Y1 = Ymin)MT) =0 (TVCs)
e Truncated Horizontal Terminal Line

[H]_p 20 T° < Thaw (T7 = Tipaw) [H];_p = 0 (TVCs)

1.4  The Current-Value Hamiltonian

If ' function can be written as F(t,y,u) = G(t,y,u)e ", then we
define the current Hamiltonian function as

H.= He" = G(t,y,u) +m(t)f(t,y,u)
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The revised maximum principle conditions

max H, Vt € [0,T]

OH. . .
= (Equation of motion for y)
om
OH. . .
m = Ay + pm  (Equation of motion for m)
Y

m(T)e " =0 (TVC)

The revised TVCs
e [ixed terminal Point
y(T)=yr (T,yr given) (TVC)
e Horizontal terminal Line (Fixed-Endpoint Problem)
[H,_pe™™ =0
e Terminal Curve
[H,—md),_pe ™ =0 (TVO)
e Truncated Vertical Terminal Line
m(T)e ™™ >0 v > Yomin (Y1 — Ymin)m(T)e " =0 (TVCs)
e Truncated Horizontal Terminal Line

[H),_7 >0 T* < Thaw (T — Thnae) [Hl],_p = 0 (TVCs)
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An example:

max /OT e Ple®)dt, 0<vy<1

st k(t) = Ak —c(t), 0<a<1
where k(0) and T are given and K(T) is free.

1.5 Problems with n State Variables and m Control Variables

The optimal control problem
T
Max V:/O Ft, y1, ooy Yny Uty ovy Uy dE
st. y; = Ft Y1, ooy Yns Uty oy ) (Equation of motion)
y5(0) = yjo, y;i(T) = yjr
and u;(t) elU; (i=1,...m,j=1,...,n)

The Hamiltonian function

H=Ftyu+N(ty,u)

The maximum principle conditions and TVCs

(H]i—r AT — > X\j(T)Ay;7 =0 (General TVC)
1
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2 Infinite-Horizon Problem

The optimal control problem

Max V = /OOO F(t,y,u)dt
sty = f(t,yu)

y(0) = yo, Yo given

2.1 The TVCs (Michel 1982)

Jim H =0 (Infinite-horizon TVC)

lim A(t) =0 (TVC for free terminal state)

t—00

2.2 Applications

(A). Optimal Growth (Cass, RES, 1965)
(B). Endogenous Technological Change (Romer, JPE, 1990)

(C). On the Mechanics of Economic Development (Lucas, JME,
1988)
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3 Optimal Control with Constraints

3.1  Types of Constraints

A.  Constraints Involving Control Variables

e Fquality Constraints
e Inequality Constraints
e quality Integral Constraints

e Inequality Integral Constraints

B.  State-Space Constraints

3.2  First-Order Conditions

e Equality Constraints

max V = /OT F(t,y,u, us)dt

sty = f(t,y,ur, us)
g(t,y,ui,us) = ¢, ¢ constant

and boundary conditions. Note that the number of constraints
constraints should be smaller than the number of control vari-
ables. We construct a Lagrangian function

L=H+0(t)(c—yg)

The first-order conditions are

oL
— = T (y=1,2
g =0 V0.7 (=19
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oL

= =0 Wt T
50 0 vt el0,T]
oL

a7

oL :
=)\

dy

e Inequality Constraints
max V = /OT F(t,y,uy, us)dt
sty = f(t,y,ur, ug)
g'(t,y,ur,us) < ¢, ¢ constant

and boundary conditions. Similar to the equality constraint case,
we construct the Lagrangian function

9 .
L=F+A+30i(ci—g)
i=1
Then the first-order conditions are
oL

o 0ovtel0.T] (=12
o 0Vvtel0,T] (j=1,2)
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oL | %

00; = T 06,
(i=1,2 and j=1,2) Vt € [0, ]

oc

ox 7

oL
dy

=0

_

e Equality Integral Constraints (Isoperimetric Problems)
max V' = /OT F(t,y,u)dt
s.t. y= f(t,y,u)
/OT G(t,y,u)dt = k k constant

and boundary conditions. Define a new state variable

——A (t,y,u

then
[=—G(ty,u)

with I'(0) =0 and I'(T) = —k
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Now the optimization problem becomes
max V = /OT F(t,y,u)dt
st y=f(t,y,u)
I'=—G(t,y,u)

and boundary conditions. We construct the following Hamilto-
nian function

H=F(t,y,u) + \f(t,y,u) — pG(t,y,u)

e Inequality Integral Constraints

max V = /OT F(t,y,u)dt
sty = f(t,y,u)

/OT G(t,y,u)dt < k k constant

and boundary conditions. The solution approach is the same as
in the Equality Integral Constraint case. But now the we have a
truncated vertical terminal line problem, where I'(T') > —k.
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(III) Dynamic Programming
1 An Example and the Principle of Optimality

1.1  An Example: The Shortest Distance Problem

1.2 The Principle of Optimality

An optimal path has the property that whatever the inital con-
ditions and control values over some inital period, the control
(or decision) variables over the remaining period must be opti-
mal for the remaining problem, with the state resulting from the
early decisions considered as the inital conditions.

2 Continuous Time Problems

2.1  The Optimization Problem and the Optimality Condition

max/OT F(t,y,u)dt

sty = flt,y,u), y(0) =y

Define the optimal value function J(t,y) as the best value that can
be obtained starting at time t in state y. Then the value function
J(t,y) obeys the following Bellman equation

aJ(t,y) aJ(t,y)
T ot ay f(t7y7u)]

— max[F (£, y. u) +

2.2 Derivation of the Optimality Condition

From the definition of J(t,y), we have:
J(to, yo) = max /tOT F(t,y,u)dt
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The value function can be rewritten as
A T
J(to, yo) = max [/tt(ﬁ "Fdt +/t

0 o+AL
where At is taken to be very small and positive. The control function
u(t), to+ At < t < T, should be optimal for the problem begining at
to+ At in state y(to + At) = yo+ Ay. The state y(to+ At) depends
on the state 1 and the control function u(t) chosen over the period
to <t <ty+ At. Now we rewrite J(tg, yo) as

7]

to+At T
/to th + mlétlx /t()-f—At F

——
to<t<to+At to+AL<t<T

st. gy = f(t,y,u), ylto+At) =y + Ay

J<t07 yO) = mgxx

Or equivalently
J(to,yo) = max Vt

to<t<to+At

VAR AL+ Tt + Aty + Ay)]

0

Assume that J(t, y) is twice continuously differentiable. Using Taylor
expansion, we have

8‘](t07 yO)

At
ot

J(to, y0> = max F(to, Yo, U)At + J(to, y()> +

a‘](t07 yO)
+ dy

Dividing through by At and letting At — 0 gives the above opti-

Ay + h.o.t.

mality condition.
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2.3 Infinite-Horizon Autonomous Problems

The infinite horizon autonomous problem:
max /OOO e "Gy, u)dt
sty = fly,u), y(0) =y
Then
J(to, o) = max /tzo e "Gy, u)dt

= ¢ max /t(?o e" =Gy, u)dt

Note that the value of the integral on the RHS depends on the initial
state, but is independent of the inital time. Let the current value
function be

V(o) = max /tzo e" =Gy, w)dt

Then
. 0J(t, ,
Hty) = Vi), UV ey
a‘](ta y) =1ty s/

Then we have a simpler form of the optimality condition (Bellman
equation)

rV(y) = max[G(y, u) + V'(y) f(y, w)]

2.4 An Example

max /OOO e "lnc(t), p>0

st. k(t) = rk(t) — c(t), k(0)=ky given
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3 Discrete Time Problems

3.1  The Optimization Problem and Bellman Equation

The maximization problem
T
max > Fi(ye, w)
t=0

st Y1 = filys,we), yo given, t=0,1,2,...,7T

Define the value function associated with the maximization problem
starting from time ¢ with initial state y; as

T
J(t,ye) = max z—:t Fo(ys, us)

SA Y11 = ft(yta Ut), t = O, 1, 2, ceey T
The value function can be rewritten as a Bellman equation
Jiealyr—;) = max [Fr—j(yr—j, ur—;) + Ji(yr—j+1)]

subject to yr—j+1 = fr—;(yr—;,ur—_;), where yr_; given and j =
0,1,...T

The Bellman equation allows us to work backward and solve the
maximization problem recursively. The solutions are ur_; = hy_;(yr—;)

and yr—j41 = gT—j(yT—j)-

3.2 Discounted Dynamic Programming Problems

The maximization problem
Lo
max 3, 56y w)
st Y1 = flye,w), o given

23



The corresponding Bellman equation is

Tiva(yr—;) = pax BTG (yr—j ur—j) + Ji(yr—ja1)
Now define the current value function

Vier(yr—;) = 0 T (yr—))
Then we rewrite the Bellman equation as

Visi(yr—j) = max[Gyr—j, ur—;) + BV (yr—j+1)]

subject to yr—j11 = f(yr—j, ur—;) and yr_; given. More compactly,
the above equation can be rewritten as

Vita(y) = max Gy, u) + BVi(y)]
subject to ¥ = f(y,u) and y given. Under particular conditions (G
is concave and bounded and the set {yr1, ys, ur : yer1 < [y, ue)}
for admissible u; is convex and compact), starting from any bounded
and continuous initial Vy, V; converges to V' as j — oo, where

V =limj_ V;. That is,
V(y) = max |Gy, u) + SV (9)]

where § = f(y,u). The limiting value function V' is the optimal
value function for the following infinite horizon problem

max Eo B'G (y, ur)

st Y1 = fly,w), o given

There is a unique and time-invariant optimal policy of the form u; =
h(y;). The value function V' is differentiable with
/ oG of /
Viy) = ay[y, h(y)] + ﬁay[y, hy)IV'(fly, h(y)])

This is the formula of Benveniste and Scheinkman (Econometrica,
1979).
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3.3 Discounted Stochastic Dynamic Programming Problems

The maximization problem
max Ey > 0'G(yi,w)

st. Y1 = f(ytautaet)a Yo given

where Fj(x) denotes the mathematical expectation of a random vari-
able x (given information known at time ¢) and ; is a sequence of inde-
pendently and identically distributed random variables. The Bellman
equation corresponding to this problem is

V(y) = max{G(y,u) + BE[V(y)ly]} -

3 Application: Saving and Optimal Growth

3.1 Saving under Certainty

Consider the problem of a consumer who seeks to maximize
> Blule), 0<pB<1
t=0
S.t. At+1 = Rt(At -+ Y — Ct); AO given

where A; is nonlabor wealth at the beginning of time ¢, y; is exoge-
nously given labor income at time ¢, R; is one-period gross rate of
return on nonlabor wealth and ¢; is consumption at time ¢. Assume
that y; = Ay;—1 (A is the growth rate of income), Ry = R > 0 for
all t and R > A > 0. To rule out a strategy of infinite consump-
tion supported by unbounded borrowing, the following isoperimetric
condition is imposed:

Z R_‘th+j = At + Z R_ij_j = At + Z ()\R_l)jyt
J=0 j=0 j=0
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Define the state variables as (Ay, v, Ry—1) and the control variable as
uy = R, YAy = Ay + vy — ¢ Then A4 = Ryuy. Bellman equation
for this problem is

V(A yp, Bio1) = max{u(Ay + yr — w) + BV (w Ry, yoyr, e}
Then the first-order condition is
—u'(¢t) + PR (¢i41) = 0

Suppose that u(¢;) = In ¢y, then we have ¢y ; = (BR) ¢;. Then the
above isoperimetric condition implies

ct:(l—ﬁ){Aﬁl_y)&%_l]

where AR~ < 1.

3.2 Optimal Growth

An agent aims to maximize
©. o]
> Bflule), 0<p<1
to

st. ¢+ kier = f(ke), ko> 0 given

where u(c;) = Ine and f(ky) = Aky (A > 0,0 < o < 1). Define
the state variable as k; and the control variable as k; 1, then Bellman
equation for this problem is

V(k) = %af{U(Akf — k1) + BV (ki) }
+
Then the first-order condition is

1
— V'(ki) =0
AkS — kyosy + BV (Kiy1)

Now we use guess-and-verify method to solve this problem. [There

are two classes of specifications of preferences and constraints for
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which this method can be used: (a) quadratic preferences and lin-
car constraints and (b) logarithmic preferences and Cobb-Douglass
constraints.] We make the guess

V(k)=E+ Flnk

where ' and F' are undetermined coefficients. Then the first-order
condition implies

- ﬁF )
k = AE”
(i’ o
Substituting this into Bellman equation gives
o
F pu—
1 —apf
E=(01-8)""IhAl-aB)+ ( ap ) lnAoﬁ]
1 —af

Note that k; converges to ko = (AaB)/(17%) as t — oo for any
initial value ky.

3.3 Stochastic Optimal Growth

A planner seeks to maximize
Ey> (), 0<p<1
to

S.t. Ct + kt—i—l = Ak‘?&t, k() > 0 giV@H

where A > 0 and 0 < v < 1. Assume that In 6; is an independently
and identically distributed random variable with normal distribution,

N (0, 0?). Define the state variables as (k;, 6;) and the control variable
as ki1, then Bellman equation for this problem is

V (K, 0r) = %ﬁ?{u(flkfet — kiv1) + BE[V (kii1, Or1)| ke, 0}

27



Then the first-order condition is

1
- V' (kpsy) = 0
JMg—mH+ﬁ (K1)

GGuess that the value function is

V(k,0) = E+ Flnk+GIn6

where E/, F' and G are undetermined coefficients. Then the optimal
policy rule is

kt—i—l = A&Bk?@t.
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